The aim of the current work is the numerical research of the anisotropic characteristics of the two-dimensional hydrogen atom induced by a magnetic field. The ground state energy (GSE) of the two-dimensional hydrogen atom and the corresponding wave function have been numerically calculated in the Born-Oppenheimer approximation and with taking into account the finite mass of the proton. The non-linear dependence of GSE on the angle α between the magnetic field vector and the normal to the plane of electron motion in a wide range of magnetic field strength has been found. The effect of a significant reduction of GSE (up to 1.9-fold) is observed with increasing the angle α up to 90
INTRODUCTION
The interest in two-dimensional (2D) systems has been maintained due to a wide range of effects emerging in them: Berezinskii -Kosterlitz -Thouless transition [1] , fractional quantum Hall effect in an tilted external magnetic field [2, 3] , superconductivity in quasi-2D organic conductors induced by a magnetic field [4] , prediction [5] and discovery [6] of graphane, which is a quasi-2D monolayer of graphene bound to atomic hydrogen, etc.
Initially, the 2D model of the hydrogen atom was investigated within purely theoretical considerations [7] [8] [9] [10] , but it was also applied to describe highly anisotropic three-dimensional crystals [11] . With the development of experimental methods for creation of low-dimensional systems and new prospects for development of semiconductor devices, the 2D hydrogen model was used to describe the effect of a charged impurity in 2D systems [12] [13] [14] and effective interaction in the exciton electron-hole pair, the motion of which is limited by the plane, in semiconductor 2D heterostructures [15] . A number of studies investigated the internal symmetries of the model and the reasons for accidental degeneracy occurring in the three-dimensional (3D) case as well [15] [16] [17] .
The influence of the external magnetic field, which is perpendicular to the plane of electron motion, on the spectrum of 2D hydrogen was investigated by means of a two-point Pade approximation [18] , method of asymptotic iterations [19] , variational approach [20, 21] , as well as analytically for individual values of the magnetic field [22] . Studies of hydrogen in strong magnetic fields [23] [24] [25] are associated with the astrophysical applications: the magnitude of the magnetic field in dwarf stars reaches 10 2 -10 5 T, whereas in neutron stars -10 7 -10 9 T [26] .
The aim of the current work is the numerical investigation of the anisotropic properties of the twodimensional hydrogen atom induced by a magnetic field. In contrast to the previous works [18] [19] [20] [21] [22] 25] , we study the dependence of the spectrum and the wave functions of the system on arbitrary directions of the magnetic field forming an angle α with the normal to the plane of electron motion (see Fig. 1 ). It should be noted that, although the electron in the 2D hydrogen atom moves in a plane, the electromagnetic fields, angular momentum and other values are not limited to the plane.
To discretize the Hamiltonian matrix, we used the wave function expansion [27, 29] based on the discrete variable method, seven-point finite-difference approximation, whereas to solve the eigenvalue problem -the shifted inverse iteration method [30] . In each iteration, the matrix equation was solved by matrix modification of the sweep algorithm [31] .
In Chapter 2 of this paper we generalize the problem of the 2D hydrogen atom bound states in a magnetic All values in the article are given in atomic units: = m e = e = 1.
BOUND STATES OF THE 2D HYDROGEN ATOM IN AN EXTERNAL MAGNETIC FIELD
The Hamiltonian of the 2D hydrogen atom in a uniform magnetic field B in the polar coordinates ρ = (ρ, φ) has the form [20] :
where m p -mass of proton, m e -mass of electron (corresponding reduced masses -µ p = mp mp+me , µ e = me mp+me ), P -total momentum, and p -relative momentum of the system; m r = mpme mp+me -reduced mass of the system. We used symmetric gauge for the vector-potential
Let us choose a coordinate system considering its convenience and occurrence of axial symmetry in the two-dimensional hydrogen atom: the XY plane coincides with the plane of electron motion, while the magnetic field B = B sin(α)i + B cos(α)k lies in the XZ plane (see Fig. 1 ).
Similarly to [20] , we considered a system at rest (P = 0): in this case, the motion of the mass center in (1) is separated from the relative motion. Using the representation of the wave function in the form:
where R -coordinate of the mass center, we will obtain the Hamiltonian of relative motion [20] :
In (3), the 2D kinetic energy operator
includes an angular part having a simple form in the polar coordinates
and the quadratic field term
are taken into account in the limiting transition from 3D to 2D (see [32] ). The problem of the bound states of the 2D hydrogen atom in a magnetic field is described by the Schrodinger equation with the Hamiltonian (3) for the relative motion
where E and Ψ(ρ, φ) are the desired energy level and the wave function of the bound state of relative motion. In order to find the energy levels E and eigenfunctions Ψ (ρ, φ) of the equation (3) we use a variation of the discrete variable method, as proposed in [27] and used in [28] for the investigation of the threedimensional hydrogen atom in external magnetic and electric fields of arbitrary mutual orientation and in [29] for the problem of the dipole-dipole scattering in two spatial dimensions. To represent the wave function on a uniform grid φ j = 2πj 2M +1 (where j = 0, 1, ..., 2M ) by the angular variable φ, we use eigenfunctions
of the operator h (0) (φ) as a Fourier basis. The wave function is sought as the expansion:
where ξ
2M +1 e −im(φj −π) is the inverse matrix to the square matrix (2M + 1)×(2M + 1) ξ jm = ξ m (φ j ) determined on the difference grid by the angular variable. The radial functions ψ j (ρ) are determined by the values of the wave function on the difference grid φ j :
In the representation (9), the Schrodinger equation (7) is transformed into a system 2M + 1 of coupled differential equations of the second order:
where the potential matrix has the form:
and the non-diagonal matrix of the operators h (0) and h (1) ≡ L z are determined by the following ratios:
The boundary conditions for the radial functions ψ j (ρ) are determined by the finiteness of the wave function at zero (Ψ(ρ, φ j ) =
and by its decreasing at infinity:
To solve the eigenvalue problem (11), (15), (16), the nonuniform grid (in the spirit of quasiuniform grids [33] ) of the radial variable ρ:
For discretization we used a finite-difference approximation of the sixth-order accuracy. The eigenvalues of the obtained Hamiltonian matrix are numerically determined by the method of shifted inverse iterations. The algebraic problem arising at each iteration is solved by matrix modification of the sweep algorithm [31] for the block-diagonal matrix.
RESULTS

Born-Oppenheimer approximation
Originally, in order to solve the foregoing problem, we applied the Born-Oppenheimer approximation used in many of the papers mentioned in the introduction and dedicated to the 2D hydrogen atom. The BornOppenheimer approximation suggests that the electron moves in the field of a positively charged fixed center.
To verify the applied numerical algorithm we studied the problem of the bound states of the 2D hydrogen atom in the absence of external fields in the approximation m p → ∞, having the analytical solution [7] [8] [9] [10] . Table 1 demonstrates full agreement of the first ten energy levels of the 2D hydrogen atom, which were calculated numerically using the above-mentioned algorithm, with the analytical values [10] . Table 2 shows a comparison of the calculated dipole matrix elements with the ones analytically obtained in [10] .
The algorithm given in Chapter 2 was used to calculate the ground state energy of the 2D hydrogen atom in the magnetic field perpendicular to the plane of electron motion. The obtained GSE values that were calculated by us using the infinite proton mass approximation and by other authors using the method of asymptotic iterations [19] and the variational approach [20] for different values of the magnetic field are shown in Table 3 . The results are consistent with the results of other authors [19, 20] . The comparison with the values of the energy levels for the two projections of the angular momentum in [19, 22] at different values of the magnetic fields was made. In Table 4 it is shown for the magnetic quantum number l = 0 and in Table 5 -for l = 1.
2D hydrogen atom in a magnetic field, considering the finite mass of the proton
For a more accurate analysis of the impact of the magnitude and direction of the magnetic field on the spectrum of the system under study, we calculated the dependence of the 2D hydrogen atom GSE on the magnetic field tilt angle α and on the magnetic field strength, taking into account the finite mass of the proton. Figure 2 illustrates the dependence found for the field range from 0 to 4 a.u. (1 a.u. = 2.35 · 10 5 T) and Figure 3 -for the field range from 1 to 10 4 a.u.. Figures 2-3 illustrate the observed effect of non-linear decrease in the GSE: at low magnetic fields the change is weak, whereas at high magnitudes the GSE is reduced almost by half, with the tilt angle α changing from 0 to 90
• . Note that the found non-linear dependence is not limited only to the impact of the magnetic field projection B z on the normal to the plane of electron motion, as in this case for the angle α = 90
• , in which B z = 0, the ground state energy would be strictly equal to the GSE of the 2D hydrogen atom in the absence of a magnetic field, which is refuted by the results of numerical analysis shown in Fig. 2 .
In order to estimate the influence of the proton finite mass on the changes in GSE, the calculated GSE values for different magnetic fields and angles α in the m p → ∞ approximation and the ones, calculated with taking into account the finite mass of the proton, are given in Table 6 . It should be highlighted that the results calculated in both approximations differ in the 3rd decimal place in a wide range of the input estimated data.
Analysis of the dependences in Fig. 2 and Fig.  3 shows that for non-zero angles α one can observe a slower growth in the GSE values with an increasing magnetic field, although the GSE dependence quadratic for the weak fields, as well as that linear for the strong fields, on the magnetic field remains unchanged. The GSE values for the weak
and strong
magnetic fields within the perturbation theory that were found by A. V. Turbiner in [20] , are represented by the dashed curve in the plane α = 0 • in Fig. 2 and Fig. 3 , respectively.
The spatial distribution of the wave function of the ground state with an increasing angle α becomes strongly anisotropic. In particular, one can observe elongation of the atomic state along the axis x with its simultaneous compression along the axis y, which is illustrated in Fig. 4 . Besides the decreasing GSE at the increasing angle α such a behavior of the wave function can be explained by a gradual weakening of the "harmonic" contribution of the magnetic field (6) along the axis x at α → 90
• , which completely disappears in the case of α = 90
• . The corresponding change in the potential surface of the Coulomb and anisotropic quadratic-field (6) terms is illustrated in Fig. 5 .
CONCLUSION
The problem of the 2D hydrogen atom in a magnetic field has been extended for the case of an arbitrary direction of the magnetic field. The algorithm proposed for its solving has been verified using the tasks of the 2D hydrogen atom in the absence of external fields and 2D hydrogen atom in a magnetic field directed perpendicular to the plane of electron motion. For generalization in the case of an arbitrary direction of the magnetic field, the dependence of the ground state energy on the magnetic field and on the tilt angle α between the magnetic field direction and the normal to the plane of electron motion has been calculated. In the process of numerical calculations it has been shown that at an increase in α from 0
• to 90
• the GSE decreases in a non-linear manner. Table 1 . Calculated values of the 2D hydrogen atom energy for the n-th level En in the absence of external fields and analytical values E given in [10] . n E, a.u. [10] E n , a.u. Table 3 . GSE values at different magnetic fields obtained by other authors using the method of asymptotic iterations [19] and variational approach [20] compared with the values calculated in the infinite proton mass approximation. Table 6 . GSE values calculated for different magnetic fields and angles α in the approximation mp → ∞ and considering the finite proton mass.
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